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1. INTRODUCTION 
A variety of biological, chemical, and economic problems can be 
modelled by the following systems of differential equations: 
i = F(x), (1) 
where F is a C’ vector field in R” and all the off-diagonal terms of its 
Jacobian matrix are nonnegative. The well-known Kamke theorem implies 
that the flow (4 > I Ir0 generated by (1) has the property: it preserves the 
partial ordering < on R” for 12 0, that is, if x < y, then br(x) <d,(v) for 
t > 0. Another system which has this property is the semilinear parabolic 
equation on a compact n-dimensional submanifold, solutions of its 
Dirichlet or Neumann problem determine a monotone flow in appropriate 
function space (see [ 11 or [ 51). In general, a flow which preserves a partial 
ordering on the state space is called monotone. M. W. Hirsch has studied 
this flow in a series of papers [14, IO]. He [2, 31 has studied the limiting 
behavior and convergence of solutions of system (1); he [ 1,4, lo] 
has investigated this flow in the considerably abstract state space. In 
Chapter III of Cl], he has used two sections to discuss the properties of 
attractors for monotone flows and obtained some very important results. 
He has shown that a monotone flow cannot have an attracting cycle (see 
[l, Corollary 2.41) and that every attractor must contain an equilibrium 
(see Cl, Theorem 3.11). In particular, if the flow is strongly monotone, he 
has shown that every attractor K contains an order-stable equilibrium (see 
[ 1, Theorem 4.11). Meanwhile, if we suppose z is attracted to K but is not 
quasiconvergent, hen K contains two order-stable equilibria p, q such that 
p <o(z) 4 q (see Cl, Theorem 4.31). 
The purpose of this paper is further to discuss the properties of attractors 
for strongly monotone flows. We shall study when an o-limit set can be an 
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attractor, when an attractor contains an asymptotically stable equilibrium, 
and what property an attractor has if its basin contains a nonconvergent 
point. 
Section 2 contains the basic definitions and establishes ome preliminary 
results. Section 3 states the main theorems. Section 4 contains the proofs of 
the main theorems. 
2. DEFINITIONS AND PRELIMINARY RESULTS 
In this section, we introduce some definitions and state some results 
which will be useful in subsequent sections. 
DEFINITION 1. The space X is called ordered if it is a topological space 
together with a partial order relation R c Xx X which is a closed subspace. 
We write 
x<y if (x, Y) E R 
X<Y if xb yandx# y, 
x<y if (x, y) E Int R, 
where Int indicates the interior of a set. Notations such as x > y have the 
obvious meanings. 
If A, B c X are subsets then A < B means a < b for all a E A, b E B; and 
similarly for A < B, A > B, etc. 
The open order interval [[x, y]] is 
[[x, y]-J= {zEX:X<Z4y}. 
The closed order interval [x, y] is 
[x, y]= {Z~XX,<Zd y}. 
Also define 
DEFINITION 2. The ordered space X is called strongly ordered if every 
open set UC X satisfies: 
(Sol) If xc U then a-@x@b for some a, bE U. 
It is easy to see that this implies: 
(S02) If a, be U and a4b then u-gx-@b for some XE U. 
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To the strongly ordered space X we associate another topological space 
2 The underlying set of 8 is X, while the topology of 2 is generated by 
all open order intervals [[a, b]]. The open sets of this order topology 
are also open in the original topology. The original ordering makes 2 
into a strongly ordered space. Neighborhoods in 8 are called order 
neighborhoods. 
DEFINITION 3. The flow 4 in the ordered space X is called monotone 
if 4,(x) Q d,(y) whenever x < y and t >O, and strongly monotone if 
@,(~)$#~(y) whenever x< y and t>O. 
We always write d<(x) =x(t) and denote by E and w(x) the set of 
equilibria of 4 and o-limit set of a point x, respectively. 
DEFINITION 4. x is called: 
convergent if there is a point p E E such that w(x) = {p}; 
quasiconvergent if o(x) c E. 
Hirsch [l, lo] has given the following convergence criterion and limit 
set dichotomy for strongly monotone flows in the strongly ordered space X 
THEOREM 2.1 (Convergence Criterion for Strongly Monotone Flows). 
Suppose q4 is strongly monotone. Let x E X have compact orbit closure. If 
there is a real T > 0 with x(T) > x or x(T) < x, then x is convergent. 
THEOREM 2.2 (Limit Set Dichotomy). Assume that 4 is strongly 
monotone and x < y. Let x and y have compact orbit closures. Then either 
(a) o(x) 4 o(y), or else 
(b) w(x) = o( y) c E. 
DEFINITION 5. Let Y be some family of subsets of X. We call 4 
Y-stable if for any QO~ Y there exists Ql E 9’ such that 4,(Q,) t Q0 for 
all t > 0. 
An equilibrium p is called: 
stable if Y = {neighborhoods of p>, 
order-stable if 9’ = {order neighborhoods of p}, 
upper order-stable if Y = { [p, v]: v $ p 1, 
lower order-stable if Y = { [u, p]: u 6 p}. 
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Given 9, we call p asymptotically Y-stable whenever p is Y-stable and 
there exists Q, E Y with the following property: for any Q E 9, $!(Q,) c Q 
for all sufficiently large t > 0. 
For flows in IF!” the concepts of stability and order-stability are 
equivalent, and so are their asymptotic versions. 
DEFINITION 6. A compact nonempty set K is called an attractor if K is 
invariant (that is, d,Kc K for all t > 0) and there is a neighborhood U of 
K such that 
jZJ#co(x)cK for all x E U. 
For strongly monotone flows there are no strange attractors, no chaotic 
dynamics, which is implied by the following result: 
THEOREM 2.3. Every attractor K for the strongly monotone flow I#J 
contains an order-stable equilibrium. 
This result is adapted from Hirsch [ 1, p. 5 I]. 
DEFINITION 7. An n x n matrix A = (~4~~) is called: 
positive if each term is positive; 
cooperative if each off-diagonal term is nonnegatyive; 
irreducible if it leaves invariant no nontrivial coordinate subspaces 
of [w”. 
We state a classical matrix theory result, which is due to Perron and can 
be found in Gantmacher [9, p. 531. 
THEOREM 2.4. A positive matrix A always has a positive eigenvalue r 
(called the principal eigenvalue of A) that is a simple root of the charac- 
teristic equation and exceeds the moduli of all other eigenvalues of A. To r 
there corresponds an eigenvector (called the principal eigenvector of A) with 
positive components. 
Define S(A) = max Re 1, where ,I runs through the eigenvalues of A. It 
can be shown that if A is cooperative and irreducible, then erA + 0 for t > 0 
(see [3, Theorem 3.11). Therefore, by the Perron theorem we obtain the 
following lemma: 
LEMMA 2.5. If A is an n x n matrix which is cooperative and irreducible, 
then S(A) is an eigenvalue of A (called the principal eigenvalue of A) that is 
a simple root of the characteristic equation and exceeds the real parts of all 
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other eigenvalues of A. To S(A) there corresponds an eigenvector (called the 
principal eigenvector of A) with positive components. 
A c’ vector field F: X + R” (where XC R” is open) is called: 
cooperative if DF(x) is cooperative for all x E X; 
irreducible if DF(x) is irreducible for all x E X. 
X is said to be p-convex if it has the following property: whenever 
x, y E X and x < y then X contains the entire line segment joining x and y. 
THEOREM 2.6. Let XC [w” be p-convex. If the vector field F is cooperative 
(resp. cooperative and irreducible) then its frow (4,) is monotone (resp. 
strongly monotone) in X. 
This theorem can be found in [3, p. 4281. 
3. THE MAIN RESULTS 
We always suppose that 4 is a strongly monotone flow in the strongly 
ordered space X. If K is an attractor and p is an equilibrium, then we let 
B(K)= {xEXW(X)CK} and S(p)= {xEX:O(X)= (p}} denote the basin 
of K and the stable set of p, respectively. 
In this paper, we shall prove the following theorems. 
THEOREM 1. Suppose 4 is a strongly monotoneflow and K is an attractor 
for 4 such that rj,K= Kf or all t > 0. If K is connected and no two points of 
Kn E can be related by R, then there is an asymptotically order-stable 
equilibrium p E E such that K = p, 
THEOREM 2. Let K be an attractor for the strongly monotone flow 4. 
Suppose z is attracted to K but is not convergent. Then K contains two 
order-stable quilibria p, q such that p 6 o(z) 4 q. 
THEOREM 3. Let XC Iw” be open and p-convex. Suppose 4 is the flow 
generated by an analytic vector field F in X which is cooperative and 
irreducible and K is an attractor for 4. Then every stable equilibrium in K is 
asymptotically stable. 
THEOREM 4. Let XC [w” be open and p-convex. Suppose 4 is the flow 
generated by an analytic vector field F in X which is cooperative and 
irreducible and K is an attractor for 4. If z is attracted to K but is not 
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convergent, then K contains two asymptotically stable equilibria p, q such 
that p % w(z) 4 q. 
Remark. It follows from the Nonordering Principle (see [lo, 
Theorem 6.21) that no two points of an w-limit set o(x) for a strongly 
monotone flow can be related by R. Therefore, Theorem 1 shows that an 
o-limit set o(x) for a strongly monotone flow is an attractor if and only 
if it is an asymptotically order-stable equilibrium. Theorem 2 is motivated 
by [ 1, Theorem 4.31, we replace the condition “nonquasiconvergent” by 
“nonconvergent” and obtain the same conclusion. For the flow 4 generated 
by a cooperative and irreducible vector field F, it follows from Theorem 2.3 
that every attractor K for 4 contains a stable equilibrium. When does K 
contain an asymptotically stable equilibrium? Under the hypothesis that 
K n E is finite, Hirsch has proved the existence of an asymptotically stable 
equilibrium in K [l, Theorem 5.61. In this paper, we shall prove the 
existence of an asymptotically stable equilibrium in K for the flow 4 
generated by an analytic cooperative irreducible vector field F (see 
Theorems 3 and 4). There are simple counterexamples which show the 
analyticity condition of F in Theorem 3 cannot be dropped. The following 
2-dimensional feedback system shows the fact 
i= -x+f(y) 
3=x--y 
(x > 0,y > O), (2) 
where 
r l,(x) if O<x,<l-6, 
f(X)= X+&(X-11)2”+2Si~2 
i 
-&-sgn(l-x) if Jx-ljG6, 
b,(x) if x3 1 + 6, 
0 < 6 < l/2, 0 < E < 1/(2n + 1). It is easy to see that for any integer n we can 
choose Z,(x) > 0, li is c” and Z:(x) > 0 such that fis C”. We can easily prove 
that the system (2) is cooperative and irreducible. Denote 
X,= ( l---$1-~), 4.,=(1+-$1+-$ 
where the integer m is sufficiently large. By [6, Theorem 5.41, [x,, y,] is 
an attractor. It follows from [6, Lemma 5.11 that (1, 1) is stable and other 
equilibria in [x,, y,] are unstable. So [xmr y,] does not contain any 
asymptotically stable equilibrium. 
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4. PROOF OF THE THEOREMS 
For the proof of the theorems we need the following lemma, which is due 
to M. W. Hirsch and can be found in [l, p. 491. 
LEMMA 4.1. Let p E Q n K be any minimal element, where D is the set of 
nonwandering points. Then p is an equilibrium and there exists y 6 p such 
that y(t) + p. A similar result holds for maximal elements. 
Proof of Theorem 1. By definition K is a compact nonempty positively 
invariant set having a neighborhood U such that 
fzl#w(x)cK for all x E U. 
Obviously, B(K) 3 U is an open set of X From the connectivity of K it 
follows easily that B(K) is connected. 
We shall prove that for any XE B(K) there is an asymptotically order- 
stable equilibrium p E E such that x E S(p). By Definition 6, o(x) c Q n K, 
where 52 is the set of nonwandering points. The set 52 n K is compact, 
invariant, and nonempty. By Zorn’s lemma, for any z E o(x) c 52 n K there 
are minimal and maximal elements p, q, of C? n K such that p <z Gq. It 
follows from Lemma 4.1 that p, q E K n E and there exist u 4 p, u B q such 
that lim t + co u(t) = p, lim t -+ cc u(t) = q. Since no two points of Kn E 
can be related by R, p = q = z. Therefore lim t + co w(t) = p uniformly in 
w E [u, 01, which proves that p is asymptotically order-stable and x E S(p). 
In particular, every equilibrium q in Kn E is asymptotically order-stable, 
hence S(q) is open. We conclude that B(K) = U (S(p): p E K n E}. Since 
B(K) is connected and S(p) is open for any p E Kn E, Kn E only contains 
one point p, that is, B(K) = S(p). Since #,K= K for all t > 0, K= p. This 
completes the proof. 
For every p E K n E define 
L(p) = clos IJ (w(x): x 9 p}. 
It is easy to see that L(p) is fully invariant, i.e., 4, L(p) = L(p) for all t B 0. 
LEMMA 4.2. If p E L(p) then p is upper order-stable. 
This lemma can be found in [ 1, p. 511. 
Suppose z E B(K). Then we construct the sets 
B,= {xEB(K): o(x) @O(Z)), KO = clos u {o(x): x E B, >, 
B1 = (x E B(K): o(x) $ co(z)}, K1 = clos u {o(x): x E B, }. 
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In order to prove Theorem 2, we need the following lemmas: 
LEMMA 4.3. If z is not convergent, then: 
(a) B, contains an asymptotically lower order-stable equilibrium, and 
K,c B,; 
(b) B, contains an asymptotically upper order-stable equilibrium, and 
K, c B,. 
LEMMA 4.4. Suppose z is not convergent. We have: 
(a) If pot K, n E is not upper order-stable, then there exists an 
asymptotically lower order-stable equilibrium q,, E K, such that q. b pa. 
(b) If p, E K, n E is not lower order-stable, then there exists an 
asymptotically upper order-stable equilibrium q, E K, such that q1 6 pl. 
Proof of Lemma 4.3. We only prove (a), the proof of (b) is similar. 
First, we shall prove that if o(z) n E # a, then any p E o(z) n E isn’t 
asymptotically lower order-stable. Otherwise, there is q 6 p such that 
lim t -+ co q(t) =p. It is easy to see that there is a sequence ti + co such that 
lim i--f E z(t,) = p. Then q 4 z(ti) for large i, o(q) = {p}, w(z(t,)) = o(z). 
Since z is not convergent, o(z) contains at least two points. It follows from 
the Limit Set Dichotomy (2.2) that p < o(z), which contradicts that 
p E o(z). This contradiction shows that p cannot be asymptotically lower 
order-stable. Therefore, we can choose PE w(z) such that p is not 
asymptotically lower order-stable (including a regular point). Denote by 52 
the set of nonwandering points. It follows from Zorn’s lemma that there 
exists a minimal element y, of 52 n K such that y < p. By Lemma 4.1, we 
know that y is an asymptotically lower order-stable equilibrium. Therefore, 
y # p. By strong monotonicity, y < p(t) E o(z) for t > 0. It is easy to see 
that there exists to > 0 such that y < z(to). By the assumption and Limit Set 
Dichotomy (2.2) we have yew(z). By definition of B,, YE B,, that is, B, 
contains an asymptotically lower order-stable equilibrium. 
Next, we shall prove K,c B,; it suffices to prove K. 40(z). It follows 
easily from the definition of K, that K, < o(z). We claim that K,<o(z). 
Otherwise, there exists p E K. n o(z), i.e., p < w(z). Since o(z) - {p} # @, 
there exists q # p such that p < qE o(z). By strong monotonicity, 
p(to) < q(to) for to > 0. Since p(to), q(to) E w(z) there exists ti > 0 (i = 1, 2) 
such that z(t,) 6 z(tZ). It follows from the Convergence Criterion (2.1) that 
z is convergent, contradicting the assumption. This contradiction shows 
K, < w(z). By full invariance and strong monotonicity, Ko4 w(z). 
Moreover, it follows from the definition of B, that K, c B,. This proves (a) 
of Lemma 4.3. 
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Proof of Lemma 4.4. We only prove (a), the proof of (b) is similar. 
Suppose P,,E&~ E is not upper order-stable. From Lemma 4.2, we 
obtain p0 E L(p,). Then p0 < L(p,), and by full invariance, p0 << L( pO). 
It follows from Lemma 4.3 that pOe B,, i.e., p0 4 o(z). Pick a point 
q E CCpo, dz)ll * Ch U~dll n WO Then o(q) = UPCJ whence 
q4 w(q). From the Convergence Criterion (2.1) it follows that 
lim t --) co q(t) = q,,. By the choice of q and the Limit Set Dichotomy (2.2), 
q0 E &. It is easy to see that q,, is asymptotically lower order-stable. This 
completes the proof. 
Proof of Theorem 2. By Lemma 4.3, there exists an asymptotically 
lower order-stable equilibrium p0 E B,. Moreover, p0 E &. Set E,, = 
{p E K0 n E: p is lower order-stable}. Obviously, p0 E E,. 
Let R c E,, be a simply ordered set of lower order-stable equilibria such 
that pOe R, and R is maximal with respect o set inclusion: such an R exists 
by Zorn’s lemma. It is easy to see that R is compact, so R has a maximal 
element p. It follows from (a) of Lemma 4.4 and maximality of R that p is 
upper order-stable. So p is order-stable. 
By similar way, we can prove that K1 contains an order-stable equi- 
librium q. Since K,, << o(z) << K, , we obtain p << o(z) $ q. This completes the 
proof of Theorem 2. 
In order to prove Theorems 4 and 5 we need the following lemmas: 
LEMMA 4.5. Suppose XC Iw” is open, Z? X + [w” is analytic, and 
F(p)=O. ZfDF(p) h as one zero eigenvalue with others having negative real 
parts, then one of the following alternatives holds: 
IS an isolated equilibrium, andp is either asymptotically stable or 
unsta!A. ’ 
(ii) There is an injective smooth map u: (-E, E) + X such that 
u(O) = p, u’(O) # 0, and u(z) is an equilibrium of Ffor IzJ < E, where E > 0 is 
sufficiently small. 
LEMMA 4.6. Suppose XC l/V’ is open, F: X + Iw” is an analytic 
cooperative irreducible vector field, and F(p) = 0. Zf S(DF( p)) = 0, then one 
of the following alternatives holds: 
(i) p is an isolated equilibrium, and p is either asymptotically stable or 
unstable. 
(ii) There is an injective smooth map u: (-E, E) --) X such that 
u(O) = p, u’(z) $0, F(u(z)) = 0, and U(T) is a stable equilibrium of F (in the 
sense of Liapunov stability) for (71 < E, where E > 0 is sufficiently small. 
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Proof of Lemma 4.5. The argument below is along the lines similar to 
[8, pp. 327-3281. 
Without loss of generality, we may assume that p = 0 and (1) has the 
form 
j=f(y, 2) 
i=Bz+g(y,z), 
(3) 
whereyE[W’, ZER’-‘, B is an (n - 1) x (n - 1) constant matrix with eigen- 
values with negative real parts, andf, g are analytic functions which vanish 
together with their first partial derivatives at the origin. 
Let 9’(y) (I y( <E) be the unique solution in a neighborhood V of the 
origin of the equation 
BY+ g(y, Y)=O. 
Here, we may assume that ( y, cp( y)) E I/ for / yl < E. 
Using Y, we obtain the following scalar differential equation: 
(4) 
where G(Y) =f(v, WY)). 
~=G(Y), (5) 
We shall prove that ( y,, zO) E V is an equilibrium of (3) if and only if 
zo=Wyo) and G(y,)=O. If (uo, zO) E Y is an equilibrium of (3) then 
by the Implicit Function Theorem, z0 = ,Y(y,), therefore G( yO) = 
f(Yo, fY(YO)) =I-( yo, zo) = 0; conversely, if G(y,) = 0 for 1.~~1 <E, then 
(y,, Y(yo)) is an equilibrium of (3). In particular, 0 is an isolated equi- 
librium of (3) if and only if y = 0 is an isolated equilibrium of (5). 
Since f and g are analytic, the function G(y) in (5) is analytic. Thus 
either 
(a) there is an integer q > 2 and a nonzero constant B such that 
G(Y)=PY~+WIYI~+~) as /yl -+O; 
or else 
(b) G(y)=0 for ly( <E. 
By the reduction principle (see [S, p. 325]), the stability properties of the 
zero solution of (3) are the same as the stability properties of (5). Suppose 
(a) holds. Then by the argument above, 0 is an isolated equilibrium of (3). 
Furthermore, the equilibrium 0 of (3) is asymptotically stable if q is odd, 
p c 0, and unstable otherwise. This is the case (i). Suppose (b) holds. We 
define a map u: (-6, E) -+ X, u(r) = (7, Y(T)). It is easy to see tht u is injec- 
tive and smooth. By the argument above, F(u(T)) = 0 for 15) < E. Obviously, 
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u(0) = 0 and u’(0) #O. This is the case (ii). The proof of Lemma 4.5 is 
complete. 
Remark 4.7. Observing the proof of Lemma 4.5, we know that there is 
a unique l-dimensional manifold L containing p such that all equilibria 
near p lie on L. In fact, L = {U(Z): Jt( <E}. 
Proof of Lemma 4.6. Since DF(p) is cooperative and irreducible, by 
Lemma 2.5 and the assumption, S(DF( p)) = 0 is an eigenvalue of DF( p) 
that is a simple root of characteristic equation, and the other eigenvalues 
of DF(p) have negative real parts. Therefore, the assumption of Lemma 4.5 
holds. Applying Lemma 4.5, we obtain that if p is not isolated, then there 
is an injective smooth map w: (-E, E) -+X such that w(0) =p, and 
F(w(z))sO for (t( <E. From the theory of centre manifold we obtain a 
centre manifold through p, WL, of dimension 1. Put L= (W(T): ItI CE}. 
Since all equilibria near p must lie on W; (see [7, p. 281) and F(w(z)) = 0 
for (z( <E, the manifold W; locally coincides with L. It follows from the 
Centre Manifold Theorem (see [ll, p. 1271) that WL is tangent to the 
linear subspace E’ spanned by the principal eigenvector u. Therefore, there 
is a number p such that w’(0) = ,uu. It follows from (ii) of Lemma 4.5 that 
pu = w’(O) # 0. Hence ,U # 0. We now define a map u by u(t) = w(sgn(p)z) 
for Jr1 <E. By Lemma 2.5, u’(0) = sgn(p) w’(0) = 1~1 v 9 0. Furthermore, we 
can choose sufficiently small E such that u’(r) $0 for Jr1 <E. Obviously, 
u(0) = w(0) = p, and F(u(r)) = F(w(sgn(p)r)) = 0 for 1~) <E. 
It remains to prove that u(r) is a stable equilibrium of F for Jr/ <E. If 
--E<z~<z~<E, then u(rl)<u(zz). For any r~(-s,.s), let U be any 
neighborhood of u(t), we can choose sufficiently small 6 such that 
[a, b] c U, where a = u(r - 6) and b = ~(t + 6). By Theorem 2.6, the flow 4 
generated by F in [a, 61 is strongly monotone. Hence, b,( [a, 61) c 
[a, b] c U for t >, 0. By definition of Liapunov stability, u(z) is a stable 
equilibrium of F. This proves Lemma 4.6. 
Proof of Theorem 3. Since F is cooperative and irreducible, the flow 4 
generated by F is strongly monotone by Theorem 2.6. By Theorem 2.3, the 
attractor K for 4 contains an order-stable quilibrium p. Since the concepts 
of stability and order-stability for flow in R” are equivalent, p is a stable 
equilibrium of F. We shall prove that every stable equilibrium in K is 
asymptotically stable. 
Let us first prove that any isolated stable equilibrium p in K is 
asymptotically stable. By the stability of p, S(DF(p)) ,< 0. If S(DF(p)) < 0, 
then p is asymptotically stable. Suppose S(DF(p)) = 0. Then the assump- 
tion of Lemma 4.6 holds. Applying (i) of Lemma 4.6, we know that p is 
asymptotically stable. 
Next, we claim that any stable equilibrium p in K is isolated. If not, then, 
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by (ii) of Lemma 4.6, there is an injective smooth map U: ( -E, E) + X such 
that u(0) = p, U’(T) 9 0, F(u(r)) = 0, and u(z) is a stable equilibrium of F for 
Jr1 <E. Define L’(p)= {u(t):O<r<s}, set C= {qEB(K): q3p and there 
is a simply ordered curve L( p, q) consisting of stable equilibria such that 
it connects p and q}. Obviously, L’(p) c C. We now show that C is a 
simply ordered curve. Otherwise, there exist q,, q2 E C such that 
A = Up, ql) - Up, qd Z 0 and B = Up, qd - Up, ql) Z 0, where 
L( p, qi) is a simply ordered curve which consists of stable equilibria and 
connects p and qi for i = 1, 2. By Zorn’s lemma, clos(A u B) contains 
a minimal element qO. Obviously, q. E L( p, q I) u L( P, qd, hence 
S(DF(q,)) = 0. By (ii) of Lemma 4.6, there is an injective and smooth map 
L’: ( -6,6) -+ X such that u(0) = qO, u’(r)+>, F(v(r)) ~0, and u(r) is a 
stable equilibrium of F for (~1 ~6. Put i(qO) = (U(T): 1~1 <6). From the 
minimality of q,, it follows that L(p, qO) c L( p, q,) n L( p, q2). By 
Remark 4.7, L(p, qi) locally coincides with L(qO) for i = 1, 2. Therefore, 
for sufficiently small 6, L( p, qO) u z(qO) c L( p, q,) n L( p, q2). Choose 
hi E(qO) such that h $qO. Then b <clos(Au B). In particular, b< qO, a 
contradiction. This contradiction shows that C is a simply ordered curve. 
It is easy to see that C is a compact nonempty set. By Zorn’s lemma, C 
contains a maximal element q. It is not difficult to prove that S(DF(q)) = 0. 
Since q is not isolated, by (ii) of Lemma 4.6, there exists an injective 
smooth map w: ( -1, A) + X such that w(O) = q, w’(r) + 0, F(w(r)) E 0, and 
w(z) is a stable equilibrium of F for 1~1 <A. So W(T) 9 q for 0 < 5 < A. By 
definition of C, W(S)E C for O<z <i. But w(~)$q for O<T </I, which 
contradicts the maximality of q. This contradiction shows that p is isolated, 
hence, it is asymptotically stable, This proves Theorem 3. 
Proof of Theorem 4. It follows immediately from Theorems 2 and 3. 
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